Let G be a locally compact group, and let R(G) denote the ring of subsets of G generated by the left cosets of open subsets of G. Extending a result by B. Host, we show that the indicator function of C ⊂ G is a coefficient function of an isometric representation of G on a Banach space E such that the norm of E
Introduction
Let G be a locally compact abelian group with dual groupĜ. In [Coh 1], P. J. Cohen characterized the idempotent elements of the measure algebra M (G) in terms of their Fourier-Stieltjes transforms: µ ∈ M (G) is idempotent if and only ifμ is the indicator function of a set in the coset ring ofĜ.
In [Eym 1], P. Eymard introduced, for a general locally compact group G, the Fourier algebra A(G) and the Fourier-Stieltjes algebra B(G). If G is abelian, the Fourier and Fourier-Stieltjes transform, respectively, yield isometric Banach algebra isomorphisms Since the Cohen-Host theorem is about B(G) its use for the investigation of Figaà-Talamanca-Herz algebras is usually limited to the case where p = 2. In this paper, we therefore strive for -and obtain! -an extension of this result that is applicable to the study of A p (G) for general p ∈ (1, ∞). The elements of B(G) can be interpreted as the coefficient functions of the unitary representations of G on Hilbert spaces, so that the Cohen-Host theorem (or rather its difficult direction) can be formulated as follows: if the indicator function of a subset of G is a coefficient function of a unitary representation of G on a Hilbert space, then the set lies in the coset ring of G. We shall prove the following generalization: if the indicator function of a subset of G is a coefficient function of an isometric representation of G on a Banach spaces E such that the norm of E * is Fréchet differentiable, then the set lies in the coset ring of G. This applies, for instance, to all isometric representations on uniformly convex Banach space and, in particular, on all L p -spaces.
We then apply our generalized Cohen-Host type theorem to extend two recent results on Fourier algebras to general Figà-Talamanca-Herz algebras.
First, we extend [F-K-L-S, Theorem 2.3] from A(G) to general A p (G): if G is amenable and I is a closed ideal of A p (G) for some p ∈ (1, ∞), then I has a bounded approximate identity if and only if it consists precisely of those functions vanishing on a set in the closed coset ring of G.
Secondly, we extend [F-R, Theorem 2.3] and show that A p (G) is amenable for some -and, equivalently, for all -p ∈ (1, ∞) if and only if G has an abelian subgroup of finite index. In [Run 3], we used a variant of the Cohen-Host idempotent theorem ([I-S, Theorem 2.1]) to prove that A(G) is 1-amenable if and only if G is abelian ([Run 3, Theorem 3.5]). As we shall see, with the help of suitable Banach space version of [I-S, Theorem 2.1], this result also extends to general Figà-Talamanca-Herz algebras: A p (G) is amenable for some -and, equivalently, for all -p ∈ (1, ∞) if and only if G is abelian.
Cohen-Host type idempotent theorems for representations on Banach spaces
Our notion of a representation of a locally compact group on a Banach space is the usual one: Definition 1.1 Let G be a locally compact group. Then (π, E) is said to be a representation of G on E if E is a Banach space and π : G → B(E) is a group homomorphism into the invertible operators on E which is continuous with respect to the given topology on G and the strong operator topology on B(E). We call (π, E) uniformly bounded if sup x∈G π(x) < ∞ and isometric if π(G) only consists of isometries.
Remarks
1. The uniform boundedness of a representation (π, E) is not affected if we equip E with an equivalent norm.
2. Suppose that (π, E) is uniformly bounded. Then
defines an equivalent norm on E such that (π, (E, |||·|||)) is isometric. This, however, may obscure particular geometric features of the original norm.
3. Since invertible isometries on a Hilbert space are just the unitary operators, an isometric representation of G on a Hilbert space, are just the usual unitary representations.
4. Every representation (π, E) of G induces a representation of the group algebra L 1 (G) on E through integration, which we denote likewise by (π, E).
We are interested in certain functions associated with representations: Definition 1.2 Let G be a locally compact group, and let (π, E) a representation of G.
If ξ = φ = 1, we call f normalized.
The coefficient functions of the unitary representations of a locally compact group G form an algebra (under the pointwise operations), the Fourier-Stieltjes algebra B(G) of G (see [Eym 1]). Moreover, B(G) can be identified with the dual space of the full group C * -algebra of G, turning it into a commutative Banach algebra.
Extending earlier work by Cohen in the abelian case ([Coh 1]), Host identified the idempotents of B(G) ( [Hos] ). Since B(G) consists of continuous functions, it is clear that an idempotent of B(G) has to be the indicator function χ C of some clopen subset C of G. Let R(G) denote the coset ring of G, i.e. the ring of sets generated by all left cosets of open subgroups of G. In [Hos] , Host showed that the idempotents of B(G) are precisely of the form χ C with C ∈ R(G).
Given a representation (π, E), where E is not necessarily a Hilbert space, the set of coefficient functions of (π, E) need not be a linear space anymore, let alone an algebra. Nevertheless, it makes sense to attempt to characterize those subsets C of G for which χ C is a coefficient function of (π, E).
Without any hypothesis imposed on the Banach space E, we cannot hope to extend the Cohen-Host theorem:
Example Let G be any locally compact group, and let C b (G) denote the bounded, continuous function on G. For any function f : G → C and x ∈ G, define r x f : G → C, y → f (yx), and call f ∈ C b (G) right uniformly continuous if the map
is continuous with respect to the given topology on G and the norm topology on C b (G). The set of all right uniformly continuous function on G is a C * -subalgebra of C b (G), which we denote by RUC (G). Define an isometric representation (ρ, RUC (G)) by letting ρ(x)f := r x f for x ∈ G and f ∈ RUC (G). It is then immediate that
where δ e is the point mass at the identity of G, so that every element of
Hence, if we wish to extend the Cohen-Host idempotent to coefficient functions of representations on Banach spaces, we therefore have to limit ourselves to particular Banach spaces whose geometric properties are not too different from those of Hilbert spaces.
The 
If the limit (2) is uniform in h for all h ∈ E with h = 1, we say that f is Fréchet differentiable at x.
Following [Fab et al.] , we will say that the norm of a Banach space E is Gâteaux or Fréchet differentiable if it is Gâteaux or Fréchet differentiable, respectively, at each point of E \ {0}. The norm of every Hilbert space is Fréchet differentiable.
Before extending the Cohen-Host idempotent theorem to representations on certain Banach spaces, we turn to a related result due to M. Ilie and N. Spronk ([I-S, Theorem 2.1]). The following extension of that result was indicated to the author by Spronk: Proposition 1.4 Let G be a locally compact group. Then the following are equivalent for C ⊂ G:
where the norm of E * is Gâteaux differentiable.
Suppose that χ C is of the form (1) with ξ ∈ E and φ ∈ E * such that x = φ = 1. Fix x ∈ C, and set
By definition, we have for y ∈ G that
Since the norm of E * is Gâteaux differentiable, [Fab et al., Lemma 8.4(ii) ] asserts that there is a unique Ψ ∈ E * * such that π(x) * φ, Ψ = 1. From this uniqueness assertion, it follows that Ψ = ξ = π(y)ξ for all y ∈ H and that
Consequently, H is a subgroup of G. It is clear that xH ⊂ C. On the other hand, if y ∈ C, then x −1 y ∈ H by definition, so that y ∈ xH.
Since χ C is continuous, it is clear that C -and thus H -is open. ⊓ ⊔ Remarks 1. Gâteaux and Fréchet differentiability are treated in [Fab et al.] in the framework of real Banach space whereas we are working with spaces over C. However, since every complex Banach space E is also a real Banach space, and since the dual spaces of E over R and C each can be canonically identified, we can still speak of Gâteaux and Fréchet differentiability, respectively, of the norm and apply [Fab et al., Lemma 8.4 ].
2. Instead of requiring in Proposition 1.4(iii) that the norm of E * is Gâteaux differentiable, we could have equally demanded that the norm of E be Gâteaux differentiable: more or less the same argument then yields again Proposition 1.4(i).
We now turn to extending the Cohen-Host idempotent theorem ( [Hos] ):
Theorem 1.5 Let G be a locally compact group. Then the following are equivalent for C ⊂ G: [Fab et al., Theorem 8.7] , the space E has to be reflexive.
Let ξ ∈ E and φ ∈ E * such that χ C is of the form (1); without loss of generality, suppose that φ = 1. We can also suppose without loss of generality that
Let S denote the closure of π(G) in the weak operator topology of B(E). Then Sin the weak operator topology -is a compact semigroup of bounded, linear operators on
Then it is obvious that Sξ is compact in the weak topology on E. By continuity, it is also clear that Sξ, φ ∈ {0, 1} (S ∈ S).
We claim that Sξ is discrete in the norm topology. To see this, let S 1 , S 2 ∈ S be such that S 1 ξ − S 2 ξ < 1. We thus have
Integrating (4), we obtain
Since {π * (f )φ : f ∈ L 1 (G)} − = E * , the Hahn-Banach theorem finally yields that S 1 ξ = S 2 ξ.
Set I := Sξ \ {0}. Clearly, G operates on I via π. This operation induces a group homomorphismπ from G into the unitary operators on ℓ 2 (I) through
Let η 1 , . . . , η n ∈ I and let λ 1 , . . . , λ n ∈ C. Since I is discrete in E, there is a neighborhood N of the identity of G such that
and, consequently,
It follows thatπ is continuous with respect the given topology on G and the strong operator topology on B(ℓ 2 (I)). Hence, (π, ℓ 2 (I)) is a unitary representation of G. We shall see that χ C is already a coefficient function of π, ℓ 2 (I) . We claim that the set J := {η ∈ Sξ : η, φ = 0} is finite. Since J is discrete, we will proceed by proving that J is compact. From (3), it is immediate that
so that J is clearly compact in the weak topology on E. Let (η n ) ∞ n=1 be a sequence in J; we shall prove that (η n ) ∞ n=1 has a convergent subsequence. By the Eberlein-Šmulian theorem ([Fab et al., Theorem 3 .59]), (η n ) ∞ n=1 has a weakly convergent subsequence. Passing to this subsequence, we can suppose there is η ∈ J such that η n → η in the weak topology of E. Passing to yet another subsequence, we can also suppose that η n → η , so that ηn ηn → η η in the weak topology of E. Let ψ ∈ E * with ψ = 1 be such that
Since the norm of E * is Fréchet differentiable, [Fab et al., Lemma 8.4(i) ] implies that
is norm convergent (necessarily to η η ), which, in turn, yields that lim n→∞ η n = η in the norm topology. Hence, J is compact and therefore finite.
If we restrict φ to I, it follows from the foregoing that it has finite support and can therefore be identified with an element of ℓ 2 (I), which we denote byφ. By construction, we have
Remark A particular consequence of Theorem 1.5 is that, if χ C is a coefficient function of a uniformly bounded -not necessarily unitary -representation of G on a Hilbert space, then χ C lies already in B(G). If G is amenable, then every uniformly bounded representation of G on a Hilbert space is similar to a unitary one ([Run 1, Theorem 1.4.4]) whereas this is false for arbitrary G (see [Pis] ).
We conclude this section with a look at those spaces to which we shall apply Proposition 1.4 and Theorem 1.5:
Example The modulus of convexity of a Banach space E is defined, for ǫ ∈ (0, 2] as
, then E is called uniformly convex ([Fab et al., Definition 9 .1]). For instance, if X is any measure space and p ∈ (1, ∞), then L p (X) is uniformly convex ([Fab et al., Theorem 9.3] ). More generally, whenever E is a uniformly convex Banach space, X is any measure space, and p ∈ (1, ∞), the space vector valued L p -space L p (X, E) is again uniformly convex ( [Day] ); in particular, for any two measure spaces X and Y and p, q
is uniformly convex, then the norm of E * is Fréchet differentiable ([Fab et al., Theorem 9 .10]). Hence, if G is a locally compact group and C ⊂ G is such that χ C is a coefficient function of an isometric representation of G on a uniformly convex Banach space, then C lies in R(G) by Theorem 1.5; if χ C is even a normalized coefficient function of such a representation, then C is a left coset of an open subgroup of G by Proposition 1.4. We would like to stress that uniform convexity is a geometric property of Banach spaces that is not necessarily preserved under passage to equivalent norms.
2 Applications to A p (G): ideals with a bounded approximate identity
We shall now turn to applications of Theorem 1.5 and -to a lesser extent -Proposition 1.4 to Figà-Talamanca-Herz algebras on locally compact groups. Let G be a locally compact group. For any function f : G → C, we definef : G → C by lettingf (x) := f (x −1 ) for x ∈ G. Let p ∈ (1, ∞), and let p ′ ∈ (1, ∞) be dual to p, i.e.
and
The norm on A p (G) is defined as the infimum over all sums (5) such that (6) holds. It is clear that A p (G) is a Banach space that embeds contractively into C 0 (G), the algebra of all continuous functions on G vanishing at infinity. It was shown by C. 
The algebra of
In particular, we have
Hence, even though it seems to be still unknown (see [Eym 2, 9.2]) if A p (G) consists of coefficient functions of λ p ′ -except if p = 2, of course -, the elements of A p (G) are nevertheless not far from being coefficient functions of λ p ′ and are, in fact, coefficient functions of a representation closely related to λ p ′ :
Proposition 2.1 Let G be a locally compact group, let p ∈ (1, ∞), and let
Let f ∈ A p (G) and let ǫ > 0. By the definition of A p (G), there are sequences ξ n
For n ∈ N, set
pξ n , ifξ n = 0, 0, otherwise and
It follows that,
and, similarly,
Consequently, we have that
This completes the proof. ⊓ ⊔ Remark The proof of Proposition 2.1 is patterned after that of [Daw, Proposition 5] .
In this section, we shall characterize -for amenable G and arbitrary p ∈ (1, ∞) -those closed ideals of A p (G) that have a bounded approximate identity.
Given any locally compact group G, we denote by G d the same group, equipped with the discrete topology. The closed coset ring of G is then defined as
The sets in R c (G) can be described fairly explicitly ([For 1]).
We shall prove the following:
Theorem 2.2 Let G be an amenable, locally compact group, and let p ∈ (1, ∞). The the following are equivalent for a closed ideal I of A p (G): (i) I has a bounded approximate identity;
(ii) there is F ∈ R c (G) such that 
and ξ ∈ L p (X) with η ξ ≤ C and
Before we prove Proposition 2.3, we recall a few facts about ultrapowers of Banach spaces (see [Hei] ).
Let E be a Banach space, and let I be any index set. We denote the Banach space of all bounded families (ξ i ) i∈I in E, equipped with the supremum norm, by ℓ ∞ (I, E). Let U be an ultrafilter on I, and define
Then N U is a closed subspace of ℓ ∞ (I, E). The quotient space ℓ ∞ (I, E)/N U is called an ultrapower of E and denoted by (E) U . For any (ξ i ) i∈I ∈ ℓ ∞ (I, E), we denote its equivalence class in (E) U by (ξ i ) U ; it is easy to see that
We require the following facts about ultrapowers:
• If E = L p (X) for p ∈ (1, ∞) and some measure space X, then there is a measure
• There is a canonical isometric embedding of (E * ) U into (E) * U , via the duality
which, in general, need not be surjective ( [Hei, p. 87] ).
As Vaclav Zizler pointed out to the author, the following is well known, but for lack of a reference, we include the (straightforward) proof: Proposition 2.4 Let E be a uniformly convex Banach space, and let U be an ultrafilter. Then (E) U is uniformly convex.
Proof Let ǫ ∈ (0, 2], and let (ξ i ) U , (η i ) U ∈ (E) U be such that
In view of (7), we can suppose that
and, likewise from (7), it follows that there is U ∈ U such that
holds and therefore, by (7) again, it follows that
For each α ∈ A and ǫ > 0, Proposition 2.1 provides
Turn I := A × (0, ∞) into a directed set via
and let U be an ultrafilter on I that dominates the order filter. Since
From (8), it is immediate that η ξ ≤ C, and from (9), we obtain
This completes the proof.
⊓ ⊔
Remark The idea to use ultrapowers to "glue together" representations of groups or algebras seems to appear for the first time in [C-F] and also -less explicitly and, as it seems, independently of [C-F] -in [Daw] .
Proof of Theorem 2.2 As we already remarked, only (ii) =⇒ (i) still needs proof. Let F ⊂ G be the hull of I, i.e.
Then F is obviously closed, and I ⊂ I(F ) holds. What remains to be shown is that F ∈ R(G d ) and I = I(F ).
Let (e α ) α be a bounded approximate identity for I. Let x ∈ G \ F . Then there is f ∈ I such that f (x) = 0. Since lim α e α (x)f (x) = f (x), it follows that lim α e α (x) = 1.
We conclude that e α → χ G\F pointwise on G. By Proposition 2.3, there thus a measure space X and an isometric representation (π,
is uniformly convex -so that the norm of its dual is Fréchet differentiable -, Theorem 1.5 yields that G \ F ∈ R(G d ) and thus F ∈ R(G d ).
Finally, by [F-K-L-S, Theorem 4.3], F is a set of synthesis for A p (G), so that I = I(F ). ⊓ ⊔ Remark Invoking Proposition 1.4 instead of Theorem 1.5, we obtain that, if I has an approximate identity bounded by one, then there are x ∈ G and a subgroup H of G such that G \ xH is the hull of I and I = I(G \ xH). Since G \ xH is closed as the hull of I, it follows that H must be open, so that I consists precisely of those functions in A p (G) whose support lies in xH.
Applications to A p (G): amenability
The theory of amenable Banach algebras begins with B. E. Johnson's memoir [Joh 1]. The choice of terminology is motivated by [Joh 1, Theorem 2.5]: a locally compact group is amenable (in the usual sense; see [Pie] , for example), if and only if its group algebra L 1 (G) is an amenable Banach algebra.
Johnson's original definition of an amenable Banach algebra was in terms of cohomology groups ([Joh 1]). We prefer to give another approach, which is based on a characterization of amenable Banach algebras from [Joh 2].
Let A be a Banach algebra, and let⊗ stand for the (completed) projective tensor product of Banach spaces. The space A⊗A is a Banach A-bimodule in a canonical manner via a · (x ⊗ y) := ax ⊗ y and (x ⊗ y) · a := x ⊗ ya (a, x, y ∈ A), and the diagonal operator
is a homomorphism of Banach A-bimodules.
Definition 3.1 Let A be a Banach algebra. An approximate diagonal for A is a bounded
Definition 3.2 A Banach algebra A is said to be amenable if there is an approximate diagonal for A. Examples 1. Let G be a locally compact group. As mentioned already, L 1 (G) is amenable in the sense of Definition 3.2 if and only if G is amenable. It is straightforward from Definitions 3.2 and 3.1 that an amenable Banach algebra must have a bounded approximate identity. It is therefore immediate from Leptin's theorem ( [Lep] ) and its generalization to Figà-Talamanca-Herz algebras by Herz ([Her 2, Theorem 6] ) that, for a locally compact group G, the Fourier algebra A(G) -or, more generally, A p (G) for any p ∈ (1, ∞) -can be amenable only if G is amenable. The tempting conjecture that A(G) is amenable if and only if G is amenable, turned out to be wrong, however: in [Joh 3], Johnson exhibited examples of compact groups G such that A(G) is not amenable. Eventually, Forrest and the author ([F-R, Theorem 2.3]; see [Run 3] for a slightly different proof) gave a characterization of those G for which A(G) is amenable: they are precisely the almost abelian group, i.e. those with an abelian subgroup of finite index.
In this section, we shall use Theorem 1.5 to extend this result to general Figà-Talamanca-Herz algebras.
Even though our arguments in this section, parallel those in the last one, we now have to consider representations on spaces more generally than L p -spaces (which, nevertheless, will still turn out to be uniformly convex). Given two locally compact groups G and H, and p, q ∈ (1, ∞), the left regular
In analogy with Proposition 2.1, we have:
Lemma 3.3 Let G and H be locally compact group, let p, q ∈ (1, ∞), and let
Proof Let ǫ > 0. From the definition of A p (G) and A q (H) and from the fact the projective tensor product is compatible with quotients, it follows that there are sequences (
From (14) and (15), it is then obvious that
As in the proof of Proposition 2.1, we eventually obtain
) that satisfy (12) and (13). ⊓ ⊔ Proposition 3.4 Let G and H be locally compact groups, let p, q ∈ (1, ∞), and let
convex Banach space such that, if C ≥ 0 is such that sup α f α ≤ C, there are η ∈ E and ξ ∈ E * with η ξ ≤ C and
Proof The proof parallels that of Proposition 2.3, so that we can afford being somewhat sketchy. Let C ≥ 0 such that sup α f α ≤ C. For each α ∈ A and ǫ > 0, Lemma 3.3 provides
As in the proof of Proposition 2.3, turn I := A × (0, ∞) into a directed set, and let U be an ultrafilter on I that dominates the order filter. Since
and set η := (η α,ǫ ) U and ξ := (ξ α,ǫ ) U . As in the proof of Proposition 2.3, it is seen that (π, E), η, and ξ have the desired properties.
⊓ ⊔
We now turn to extending [F-R, Theorem 2.3] to general Figà-Talamanca-Herz algebras, by modifying the idea of the proof from [Run 3].
For a (discrete) group G, we call 
is amenable, and let (d α ) α be an approximate diagonal for A p (G), bounded by, say, C ≥ 0. Since
, is also bounded by C. From (10) and (11), it is immediate that ((id Ap(G) ⊗ ∨ )d α ) α converges to χ Γ pointwise on G × G. By Proposition 3.4, there is therefore an isometric representation (π, E) of G d × G d on a uniformly convex Banach space as well as η ∈ E and ξ ∈ E * such that η ξ ≤ C and χ Γ (x, y) = π(x, y)η, ξ (x, y ∈ G); in particular, χ Γ is a coefficient function of (π, E). From Theorem 1.5, we conclude that (i) G is abelian;
(ii) A p (G) is 1-amenable for each p ∈ (1, ∞);
(iii) A(G) is 1-amenable; (iv) there is p ∈ (1, ∞) such that A p (G) is 1-amenable.
Proof (i) =⇒ (iii): Suppose that G is abelian. Then A(G) ∼ = L 1 (Ĝ) is 1-amenable ( [Sto] ).
(iii) =⇒ (ii) : Suppose that A(G) is 1-amenable, and let p ∈ (1, ∞). Since G must be amenable, [Her 1, Theorem C] yields that A(G) is contained in A p (G) such that the inclusion is contractive. A glance at the proof of [Run 1, Proposition 2.3.1] shows that A p (G) then must be 1-amenable, too.
(ii) =⇒ (iv) is trivial. (iv) =⇒ (i): Let p ∈ (1, ∞) be such that A p (G) is 1-amenable. An inspection of the proof of (iv) =⇒ (i) of Theorem 3.5 shows that, in the case of 1-amenability, χ Γ must be a normalized coefficient function of an isometric representation of G d × G d on a uniformly convex Banach space. By Proposition 1.4, this means that G Γ is a left coset of a subgroup of G × G, and since G Γ contains the identity of G × G, it follows that G Γ is, in fact, a subgroup of G × G. This is possible only if G is abelian.
⊓ ⊔
Concluding this section (and the paper), we turn to a property closely related to amenability, which has its natural place in A. Ya. Helemskiȋ's topological homology ( [Hel] ): Definition 3.8 A Banach algebra A is biprojective if ∆ A : A⊗A → A has a bounded, linear right inverse which is also a homomorphism of Banach A-bimodules.
Remarks
1. Definition 3.8 is not the original definition of biprojectivity, but equivalent to it (see [Run 1, Theorem 5.1.10]).
2. Since every biprojective Banach algebras is biflat in the sense of [Hel] , it follows from [Hel, Theorem VII.2.20 ] that every biprojective Banach algebra with a bounded approximate identity is amenable.
